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Introducere
Metode multipas explicite Unipas vs. multipas
Metode multipas implicite Formule de integrare numerica Newton-Cotes
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Unipas vs. multipas

z—)t(:f(x,t) = X(tB)_X(tA)—/tAth(Xat)dt

x(tB):x(tA)-i—/th(x,t)dt

Solutia se va calcula numeric n punctele discrete to =t0,t;,...,ta =T
Unipas Multipas
ta=1t ta=1t1 ta=1 th=tim

g =x)+ [ HxDd K =x)+ [y

§
1 “liaem
Xjp1 =X + Iz/ f(x,t)dt Xjtm = Xj + | Iz/ f(x,t)dt
1 t

j j
j=0,n—1, Xxg este cunoscut; j=0,n—m, Xo este cunoscut;
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Unipas vs. multipas

Metode unipas - folosesc informatii din intervalul [tj, tj; 1]
@ Metode ¢

=Xj + X1 = N[0 (%, 1) + (1 = O)f (Xj 11, tj41)]

Daca 6§ = 1 - metoda este explicita (Euler explicit)

Daca 6 # 1 - metoda este implicita (¢ = 0 - Euler implicit,
0 = 1/2 - trapeze); necesita in general rezolvarea unei
ecuatii algebrice neliniare la fiecare pas de integrare.

@ Metode Runge-Kutta
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Unipas vs. multipas

Metode unipas - folosesc informatii din intervalul [tj, tj; 1]
@ Metode ¢

=X + X1 = N[0 (X, 1) + (1 — O)F (Xj 11, t41)]
@ Metode Runge-Kutta
Xt X1 =1
unde | vaj;j‘i“f(x,t)dt
I =h> bif(x(t +cih), t +cih)
i=1

unde x(tj 4 c¢;h) nu sunt cunoscute si sunt aproximate cu
formule liniare ale unor valori calculate succesiv.
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Unipas vs. multipas

Metode unipas - folosesc informatii din intervalul [tj, tj; 1]
@ Metode ¢

—Xj + Xj41 = h [Qf(Xj,tj) +(1- 9)f(Xj+1,tj+1)}

@ Metode Runge-Kutta - explicite

X1 = Xj—|—h¢, j=0,....n—-1 D
o = ibiKi 2)
i=1
Ky = f(Xj,tj) (3)
Ki = f(xj+h§aipr,tj+cih) i=2,....,v (4)
p=1
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Unipas vs. multipas

Metode unipas - folosesc informatii din intervalul [tj, tj; 1]
@ Metode ¢

—Xj + Xj41 = h [Qf(Xj,tj) +(1- 9)f(Xj+1,tj+1)}

@ Metode Runge-Kutta - implicite

X1 = Xj—|—h¢, j=0,....n—-1 (5)
i=1

Ki = f(+h) apKp.ti+ch) i=2....v (8
p=1
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Unipas vs. multipas

Metode multipas - folosesc informatii din intervalul [tj, tj; m]

Metode liniare multipas?
Calculul unui pas nou X, se face folosind relatia

aoXjtaiXjt1+- - - 8mXj+m = h [bof (Xj,tj) + b f (Xj+1, tj+1) + - bmf(Xj+m,tj+m)]

@ g si b; sunt alesi convenabil (convergenta);
@ an =1,

@ daca by, = 0 metoda este explicita;

@ daca by, # 0 metoda este implicita;

@ cazulm =1, ag = —1 (din motive de convergenta), by = 6,
b, = 1 — 6 = metode unipas de tip 6.
LExistd si metode neliniare multipas.
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Formule de integrare numerica Newton-Cotes

Algoritmii multipas pentru rezolvarea ODE se bazeaza pe
formulele de cuadratura Newton-Cotes (formule de integrare
numerica scrise pentru retele de discretizare uniforma).

© Formule NC "inchise" - folosesc inclusiv valorile in capete.
Se folosesc in calculul integralelor definite si in rezolvarea
ODE cu metodele multipas implicite.

@ Formule NC "deschise" - nu folosesc valorile in capete. Se
folosesc in rezolvare ODE cu metodele multipas explicite.
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Metode multipas explicite Unipas vs. multipas
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Exemple din mediile uzuale in care lucrati

Formule Newton-Cotes inchise

Grid uniform Xg, X1, ..., Xn, pas h
fi =f(xi)
Formulele contin fq Si fy.

n (gradul Pasul Numele uzual Formula Eroarea
polinomului) h al formulei locala
1 X1 — X trapezului %(fo +f1) o(h3)
Xo — X "
2 x| —xg = 2570 Simpson 1/3 Do + 4ty + 1) o(h®)
Xg — X "
3 Xx—1—x =320 Simpson 3/8 3N (fg + 3fy + 3fp +T3) o(h%)
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Formule Newton-Cotes deschise

Grid uniform Xg, X1, ..., Xn, pas h
fi = f(xi)
Formulele nu contin fy si .

Gradul Pasul Numele uzual Formula Eroarea
polinomului h al formulei locala
0 X1 — X = @ regula dreptunghiului 2hfy O(h3)
sau punctului din mijloc
1 Xy — Xg = @ trapezului Aty + 1) o(hd®)
2 X1 — Xg = @ regula Iui Milne M (26 — fp +2f3) o(h’)
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Exemple din mediile uzuale in care lucrati

Metode Milne explicite

Gm
Xjtm = X + | Ix/ f(x,t)dt
. tj
j=0,n—m, Xg este cunoscut;
Integrala | se aproximeaza cu formule Newton-Cotes deschise.
m = 2 = NC cu 1 punct interioar

Xj+2 =X + 2hf(Xj11, 1)
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Metode multipas explicite Metode Milne explicite
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Metode Milne explicite

Gm
Xjtm = X + | Ix/ f(x,t)dt
. tj
j=0,n—m, Xg este cunoscut;
Integrala | se aproximeaza cu formule Newton-Cotes deschise.
m = 3 = NC cu 2 puncte interioar

3h
Xi+3 =X+ o (1, Gra + T (X2, 42)
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Introducere
Metode multipas explicite Metode Milne explicite
Metode multipas implicite Metode Adams-Bashforth
Exemple din mediile uzuale in care lucrati

Metode Milne explicite

Gm
Xjtm = X + | Ix/ f(x,t)dt
. tj
j=0,n—m, Xg este cunoscut;
Integrala | se aproximeaza cu formule Newton-Cotes deschise.
m = 4 = NC cu 3 puncte interioare

4h
Xi+a =X+ (20 (%11, G42) =T (X2, G42) +2F (Xj+3,ti+3)+O(h°)
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Adams-Bashforth

Formula generala a metodelor liniare multipas:

aoXj + aiXjr1 + - - - amXjym = h [Dof (X;, ) + baf (Xjt1, 1) + - - - B (Xjpm, tm)]

= Xj+m

undean =1

Familia Adams-Bashfort:
@ an_1=-1

a3 =0,Vi<m-1
@ b, = 0 (metoda explicitd)
Xi4m = Xj+m—1 + h [Bof (X, ) + baf (X1, tita) + - - - Bm—af (Xjem—1, tirm—1)]

m—1

Xjem = Xj4m-1+ > bif (Xj4i,t+i)
i—0
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Metode multipas explicite Metode Milne explicite

Metode multipas implicite Metode Adams-Bashforth
Exemple din mediile uzuale in care lucrati

Adams-Bashforth

Familia Adams-Bashfort:

m—1

Xjpm = Xim-1+ ¥ Bif (X4i,441)
i—0

b; se determina astfel incat metoda are ordinul m

| Metoda,ordin || bp | by [ by | by |
AB cu 1 pas, ordin 1 1
AB cu 2 pasi, ordin 2 3/2 -1/2
AB cu 3 pasi, ordin 3 || 23/12 | -16/12 | 5/12
AB cu 4 pasi, ordin 4 || 55/24 | -59/24 | 37/24 | -9/24

AB cu un pas este Euler explicit.
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Metode multipas explicite

Metode multipas implicite

Exemple din mediile uzuale in care lucrati

Metode Milne implicite

Metode Milne implicite
Metode Adams-Moulton
BDF (metoda lui Gear)

tim
Xjtm = Xj + 1 Ix/ f(x,t)dt
L
j=0,n—m, Xq este cunoscut;
Integrala | se aproximeaza cu formule Newton-Cotes inchise.
Exemplu: m = 2 = NC cu 3 puncte

h
Xjy2 = Xj + g(f(xjatj + 4F (X1, 1 + F (X2 ti2)

Ecuatie neliniara = are nevoie de o estimare initiala pentru
Xj+2. Se poate face cu o formula Milne explicita.
Evaluarea primelor puncte se face cu metode unipas.
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Metode multipas explicite

Metode multipas implicite

Exemple din mediile uzuale in care lucrati

Adams-Moulton

Metode Milne implicite
Metode Adams-Moulton
BDF (metoda lui Gear)

Formula generala a metodelor liniare multipas:
aoXj + a1Xj41 + - - - @mXjym = N [bof (X}, ) + b1f (Xj11, 1) + -+ - Bmf (Xj4m, G4m)]

= Xjzm undeam =1
Familia Adams-Moulton:

@ a,_1=-1
@ g =0,vi <m —1item by # 0 (metoda implicitd)
Xi4m = Xj+m—1 + h [Dof (X, ) + baf (X1, G41) + - - - Bnf (Xj4m, tizm)]

m
Xjem = Xitm—1 + Y 0if (i, 1)
i—0

Gabriela Ciuprina Ecuatii si sisteme diferentiale ordinare
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Metode multipas explicite

Metode multipas implicite

Exemple din mediile uzuale in care lucrati

Adams-Moulton

Metode Milne implicite
Metode Adams-Moulton
BDF (metoda lui Gear)

Prin eliminarea restrictiei by, = 0 de la AB, metodele devin
implicite, si 0 metoda cu m pasi poate ajunge la ordinul m + 1.

] Metoda, ordin [ bo [ bs | by | bg |
AM cu 1 pas, ordin 1 0 1

AM cu 1 pas, ordin 2 1/2 1/2
AM cu 2 pasi, ordin 3 || 15/12 | 8/12 | -1/12
AM cu 3 pasi, ordin 4 || 9/24 | 19/24 | -5/24 | 1/24

AM cu un pas este Euler implicit (ordinul 1) sau metoda
trapezelor (ordinul 2).
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Metode multipas explicite

Metode multipas implicite

Exemple din mediile uzuale in care lucrati

BDF (Gear)

Metode Milne implicite
Metode Adams-Moulton
BDF (metoda lui Gear)

Formula generala a metodelor liniare multipas:
aoXj + a1Xj41 + -+ - @mXj4m = N [bof (X}, ) + b1f (Xj11, G11) + - - Bmf (Xj4m, G4m)]

= Xj+m
Daca b; =0 Vi < m sinotand b, = 3 - metodele se numesc
BDF?

m—1
Z AiXj+i T Xj4m = hsf (vamAthrm) = Xj+m
i=0

unde h =ty —tizm_1

2Backward Differentiation Formula
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Metode multipas explicite

Metode multipas implicite

Exemple din mediile uzuale in care lucrati

Metode Milne implicite
Metode Adams-Moulton
BDF (metoda lui Gear)

BDF

Coeficientii undei metode BDF de ordin m se determina
pornind de la polinomul Lagrange de ordin m, notat p; (t) care
trece prin punctele (ti,%;), ..., (titm, Xi+m)-

X' (ti+m) ~ P'(ti+m)

Si
Xl(ti—i-m) = f(X(ti+m), ti+m)
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Metode multipas explicite

Metode multipas implicite

Exemple din mediile uzuale in care lucrati

BDF

Metode Milne implicite
Metode Adams-Moulton
BDF (metoda lui Gear)

Metoda, ordin | B ] a | & | a |as]|
BDF cu 1 pas, ordin 1 1 -1 1
BDF cu 2 pasi, ordin 2 || 2/3 1/3 -4/3 1
BDF cu 3 pagi, ordin 3 || 6/11 || -2/11 | 9/11 | -18/11 | 1

BDF cu un pas este Euler implicit (ordinul 1).
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COMSOL
Matlab

COMSOL
il settings - [ Properties| = |
ﬂmanﬂepende_l{-g;ivm -

T Compute to Selected = Compute

Labsl: [Time-Dependsnt Solver 1 ]

= General

Defined by study step: | Step 1: Time Dependent

Time unit l-‘

Times lrﬁnqein,u OLIT

Rslative tolerance: (0001 |

+ Absolute Tolerance
= Time Stepping

Method:

Steps taken by solver:

Initsal stap: )

i i Intermiediate

Maximum step: Strict -—-I ”
Maximurn BDF crder: i Manual

Minimum BOF order: [ 1 = f

DA 22/30




COMSOL
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COMSOL

i settings 5 properties. = a|

Time-Dependent Solver
T Compute to Selected = Compute
Relative tolerance: (D061 ]
v Absolute Tolerance
= Time Stepping
Methad: |BDF i
Steps taken by solver: | Free [
Initsal st=p; O @ 5
Maximum step: O [0 I's
Maximum BOF order: [s &
Minimum BOF order: [1 g
Event tolerance: [o.01 |
[l Nonlinear controller
— Algebraic vanable settings
Singular mass matrix: [Maybe -] ]
Cansistent initialization: Ee—
Fraction of initial step for Backward Euler; & 3 : E va®™ 2330
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Matlab (non-stiff)

COMSOL
Matlab

https://ch.mathworks.com/help/matlab/math/choose-an-ode-solver.html

‘Solver Problem Type Accuracy l When to Use
odeds Nonstiff Medium Maost of the time. ode45 should be
the first solver you iry.

ode23 Low | ode23 can be more efficient
| than ode45 at problems with crude
| tolerances, or in ihe presence of
| moderate sufiness.

ode113 Low lo High !nueu:;nanba more efficient

[m]

(=

| than oded5 at problems with
! siringent error tolerances, or when
I the ODE function is expensive to
| evaluate.

1
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https://ch.mathworks.com/help/matlab/math/choose-an-ode-solver.html
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Metode multipas explicite COMSOL
Metode multipas implicite Matlab
Exemple din mediile uzuale in care lucrati

Matlab (non-stiff) https://ch.mathworks.com/help/matlab/math/choose-an-ode-solver.html
@ Single-step
ode45

ode23

@ Multi-step

odell3 is a variable-step, variable-order Adams-Bashforth-Moulton
PECE solver of orders 1 to 13. The highest order used
appears to be 12, however, a formula of order 13 is used to
form the error estimate and the function does local
extrapolation to advance the integration at order 13. It may
be more efficient than ode45 at stringent tolerances or if the
ODE function is particularly expensive to evaluate.
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Matlab (Stlff) https://ch.mathworks.com/help/matlab/math/choose-an-ode-solver.htm|

odelss Stift | Low 1o Medium

Try ndel5s when ode4s fails or is
inefficient and you suspect that the
problem is stiff. Also use odel15s
when solving differential algebraic
equations (DAEs),

ode23s | Low
ode?23t Low
ode23th éan

ode23s can be more efficient

than ode15s at problems with crude
error folerances. It can solve some
siiff problemns for which ode15s is
not effective.

ode23s computes the Jacobian in
each step, so itis beneficial o
provide the Jacobian via odeset to
maximize eficiency and accuracy.

Itthere is a mass mairix, it must be
constant

Use ode23t if the problem is only
moderately stff and you need a
solution without numerical damping.

ode23t can soive differential
algebraic equations (DAES).
Like ode23s, the ode23th salver

might be more efficient
than ode15s at problems with crude


https://ch.mathworks.com/help/matlab/math/choose-an-ode-solver.html

Matlab (Stlﬁ) https://ch.mathworks.com/help/matlab/math/choose-an-ode-solver.html
@ Single-step

ode23s is based on a modified Rosenbrock formula of order 2.

Because it is a single-step solver, it may be more efficient
than odel5s at solving problems that permit crude

tolerances or problems with solutions that change rapidly. It
can solve some kinds of stiff problems for which odel5s is
not effective. The ode23s solver evaluates the Jacobian
during each step of the integration, so supplying it with the
Jacobian matrix is critical to its reliability and efficiency.
ode23t is an implementation of the trapezoidal rule using a "free"
interpolant. This solver is preferred over odel5s if the

problem is only moderately stiff and you need a solution
without numerical damping. ode23t also can solve

differential algebraic equations (DAES)
@ Multi-step odel5s, ode23th
«0O)r «F)»r « > < » Qv 27/30
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Exemple din mediile uzuale n care lucrati

Matlab (Stlff) https://ch.mathworks.com/help/matlab/math/choose-an-ode-solver.html
@ Single-step ode23s, ode23t
@ Multi-step

odelbs

ode23th

is a variable-step, variable-order (VSVO) solver based on
the numerical differentiation formulas (NDFs) of orders 1 to
5. Optionally, it can use the backward differentiation
formulas (BDFs, also known as Gears method) that are
usually less efficient. Like odel113, odel5s is a multistep
solver. Use odel5s if ode45 fails or is very inefficient and
you suspect that the problem is stiff, or when solving a
differential-algebraic equation (DAE).

is an implementation of TR-BDF2, an implicit Runge-Kutta
formula with a trapezoidal rule step as its first stage and a
backward differentiation formula of order two as its second
stage. By construction, the same iteration matrix is used in
evaluating both stages. Like ode23s and ode23t, this solver
may be more efficient than odel5s for problems with crude
tolerances.
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Matlab (fully-lmplICIt) https://ch.mathworks.com/help/matlab/math/choose-an-ode-solver.html

Fully implicit Low Use odel5i for fully implicit
problems fand for
differential algebraic equations
(DAEs) of index 1.

@ Multi-step

odel5i is a variable-step, variable-order (VSVO) solver based on
the backward differentiation formulas (BDFs) of orders 1 to
5. odel5i is designed to be used with fully implicit
differential equations and index-1 differential algebraic
equations (DAESs). The helper function decic computes
consistent initial conditions that are suitable to be used with
odel5i.
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